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Abstract
We consider the low regularity of the Benney–Lin equation ut +uux +uxxx +β(uxx +uxxxx)+ ηuxxxxx = 0. We established
the global well posedness for the initial value problem of Benney–Lin equation in the Sobolev spaces Hs(R) for 0 s > −2, im-
proving the well-posedness result of Biagioni and Linares [H.A. Biaginoi, F. Linares, On the Benney–Lin and Kawahara equation,
J. Math. Anal. Appl. 211 (1997) 131–152]. For s < −2 we also prove some ill-posedness issues.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
In this paper, we consider the low regularity of the initial value problem (IVP) of Benney–Lin equation{
ut + uux + uxxx + β(uxx + uxxxx)+ ηuxxxxx = 0,
u(x,0) = φ(x), (1)
where β > 0, η ∈R.
The Benney–Lin equation was first introduced by Benney [2] and later by Lin [13]. It is an important general
equation that describes the evolution of long waves in various problems in fluid dynamics. In purely dispersive form
(β = 0), (1) reduces to the Kawahara equation (or the fifth-order Korteweg–de Vries equation) that describes the water
waves with surface tension (see [5] and references therein). In the purely dissipative form, (1) reduces to the long-
wave simplification of the Navier–Stokes equation and has been used to describe different phenomena such as spatial
patterns of the Belousov–Zhabotinsky reaction, surface-tension-driven convection in a liquid film, and unstable flame
fronts. The dissipative-dispersive equation (η = 0) is a generalized Kuramoto–Sivashinsky equation that describes the
waves in the vertical and inclined falling film, in liquid films that are subjected to interfacial stress from adjacent gas
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for the complex Ginzburg–Landau equation.
In 1997, Biagioni and Linares [6] proved that IVP associated to the Benney–Lin equation is globally well-posed
in Hs(R) for s  0 if β > 0. While if β = 0, Cui, Deng and Tao [8] obtained the local well-posedness of the Kawa-
hara equation for −1 < s < 0 recently. Surprisingly, Molinet and Ribaud [14] showed that the IVP of KdV–Burgers
equation{
ut + uxxx − uxx + uux = 0, t ∈R+, x ∈R,
u(0) = ϕ (2)
has lower well-posedness index in Sobolev spaces than KdV and Burgers equations. They proved that the KdV–B
equation was well-posed in Hs(R) for s > −1 and showed some ill-posedness for s < −1. While for the KdV equation
(ut + uxxx + uux = 0), Kenig, Ponce and Vega [12] got the local well posedness for IVP of KdV equation for
s > −3/4, and later the endpoint index s = −3/4 by Christ, Colliander and Tao [7]. The global well posedness of the
KdV equation was got by Colliander, Keel, Staffilani, Takaoka and Tao [9] for s > −3/4. For the dissipative Burgers
equation (ut −uxx +uux = 0), Dix [10] and Bekiranov [1] got the best local well-posedness that s −1/2. From this
point of view, we want to know whether the Benney–Lin equation has better well posedness than Kawahara equation
and the KdV–KS equation. The IVP associated to the KdV–KS equation, i.e.,{
ut + uux + uxxx + β(uxx + uxxxx) = 0,
u(x,0) = φ(x). (3)
In 1997, Bona, Biagioni, Iorio and Scilom [4] established the global well posedness of (3) for s  1.
In the last decade, Bourgain (see [3]) developed a new method to study the Cauchy problem for nonlinear dispersive
equations. This method was successfully applied to Schrödinger, KdV as well as wave equation and the others. One
of the curiosity of this method is to use special Fourier transform restriction spaces strongly related to the symbol of
the linear equation. Now these spaces are called Bourgain spaces while the method is called Fourier restriction norm
method. In [14], Molinet and Ribaud introduced a new type Bourgain space which adapted to the KdV–B equation
they considered in their paper. Following this idea, we consider our question in a Bourgain space associated to the
Benney–Lin equation and get that the IVP of Benney–Lin equation is globally well posed in Hs(R) for s > −2, and
for s < −2, we show some ill posedness.
1.1. Notations
For x, y ∈ R, x  y means that there exists C > 0, which may vary from line to line and depend on various
parameters, such that x  Cy, and if C > 100, we will use the notation x  y. x ∼ y means that there exist C1,C2 > 0
such that C1|x|  |y|  C2|x|. For a Banach space X, we denote by ‖ · ‖X the norm in X. We will use the Sobolev
spaces Hs(R) equipped with the norms ‖u‖Hs = ‖(1 − Δ)s/2u‖L2 . We also consider the corresponding space–time
Sobolev spaces Hs,b(R2) endowed with the norm
‖u‖2
Hs,b
=
∫
R2
〈ξ 〉2s〈τ 〉2b∣∣uˆ(ξ, τ )∣∣2 dξ dτ, (4)
where 〈·〉 = (1 + | · |2)1/2 and uˆ denotes the Fourier transform of u. Later we also use F(u) to denote the Fourier
transform of u.
Let U(·) be the unitary group in Hs(R), s ∈R, which defined the free evolution of the Kawahara equation, i.e.,
U(t) = exp(itP (Dx)), (5)
where P(Dx) is the Fourier multiplier with symbol P(ξ) = ξ3 − ηξ5. Since the linear symbol of Eq. (1) is
i(τ − P(ξ))+Q(ξ), where Q(ξ) = β(ξ4 − ξ2), we introduce the function space Xs,b in the spirit of Bourgain [3],
Kenig, Ponce and Vega [12] and Molinet and Ribaud [14] endowed with the norm
‖u‖Xs,b =
∥∥〈i(τ − P(ξ))+Q(ξ)〉b〈ξ 〉s uˆ∥∥
L2(R2). (6)
So that
‖u‖Xs,b ∼
∥∥〈∣∣τ − P(ξ)∣∣+ ∣∣Q(ξ)∣∣〉b〈ξ 〉s uˆ∥∥ 2 2 . (7)L (R )
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‖u‖
X
s,b
T
= inf
w∈Xs,b
{‖w‖Xs,b , w(t) = u(t) on [0, T ]}.
Finally we denote by W(·) the semigroup associated with the free evolution of Eq. (1), i.e.,
∀t  0, Fx
(
W(t)ϕ
)
(ξ) = exp[−tQ(ξ)+ itP (ξ)]ϕˆ(ξ),
and we extend W(·) to a linear operator defined on the whole real axis by setting
∀t ∈R, Fx
(
W(t)ϕ
)
(ξ) = exp[−|t |Q(ξ)+ itP (ξ)]ϕˆ(ξ). (8)
1.2. Main results
It is clear that we need only consider the integral formulation of (1), i.e.,
u(t) = W(t)ϕ − 1
2
t∫
0
W(t − t ′)∂x
(
u2(t ′)
)
dt ′, t  0. (9)
Actually, we use the fixed argument to the following integral form to get the local existence result:
u(t) = ψ(t)
[
W(t)ϕ − χR+(t)
2
t∫
0
W(t − t ′)∂x
(
ψ2T (t
′)u2(t ′)
)
dt ′
]
, (10)
where t ∈R and ψ is a time cut-off function satisfying
ψ ∈ C∞0 (R), suppψ ⊂ [−2,2], ψ ≡ 1 on [−1,1],
and ψT (·) = ψ(·/T ). If we prove u solves (10) on [−T ,T ], then u is a solution of (9) on [0, T ], T < 1.
Let us first state our global well-posedness result on the real line.
Theorem 1. Let ϕ ∈ Hs(R), s > −2. For any T > 0, there exists a unique solution u of (9) in
ZT = C
([0, T ],H s)∩Xs,1/2T . (11)
Moreover the map ϕ → u is smooth from Hs(R) to ZT and u belongs to C((0,+∞),H∞(R)).
We also consider ill-posedness issue and obtain the following result.
Theorem 2. Let s < −2. Then there does not exist any T > 0 such that (9) admits a unique local solution defined on
the interval [0, T ] and such that the flow-map
ϕ → u(t), t ∈ [0, T ],
is C2 differentiable at zero from Hs(R) to C([0, T ],H s(R)).
This paper is organized as follows. In Section 2 we derive the linear estimates for the linear term. In Section 3 we
consider the bilinear estimates. By using the bilinear estimate we finish the proof of Theorem 1 in Section 4 while
Section 5 is devoted to the proof of the ill-posedness result.
2. Linear estimates for the free term
Proposition 1. Let s ∈R. Then∥∥ψ(t)W(t)φ∥∥
Xs,1/2  ‖φ‖Hs , ∀φ ∈ Hs(R). (12)
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Xs,1/2 =
∥∥〈ξ 〉s 〈i(τ − P(ξ))+Q(ξ)〉1/2Ft(ψ(t)e−|t |Q(ξ)eitP (ξ)φˆ(ξ))(τ )∥∥L2(R2)
= ∥∥〈ξ 〉s φˆ(ξ)∥∥〈iτ +Q(ξ)〉1/2Ft(ψ(t)e−|t |Q(ξ))(τ )∥∥L2τ (R)∥∥L2ξ (R)

∥∥〈ξ 〉s φˆ(ξ)∥∥〈τ 〉1/2Ft(ψ(t)e−|t |Q(ξ))(τ )∥∥L2τ (R)∥∥L2ξ (R)
+ ∥∥〈ξ 〉s 〈Q(ξ)〉1/2φˆ(ξ)∥∥ψ(t)e−|t |Q(ξ)∥∥
L2t (R)
∥∥
L2ξ (R)
. (13)
Setting gξ (t) = ψ(t)e−|t |Q(ξ), we have to estimate ‖gξ‖Hb(R) for b ∈ {0,1/2}. Consider first the case Q(ξ) > 1. Using
the triangle inequality, ∀0 b 1,
‖gξ‖Hb =
∥∥〈τ 〉bFt(ψ(t)e−|t |Q(ξ))(τ )∥∥L2 = ∥∥〈τ 〉b(ψˆ ∗Ft(e−|t |Q(ξ)))(τ )∥∥L2

∥∥〈τ 〉bψˆ∥∥
L1
∥∥e−|t |Q(ξ)∥∥
L2 + ‖ψˆ‖L1
∥∥e−|t |Q(ξ)∥∥
H˙ b
 C
((
Q(ξ)
)−1/2 + (Q(ξ))b−1/2) C(Q(ξ))b−1/2.
For Q(ξ)  1, it is easy to know that |Q(ξ)|  max (1, β/2). A modification of the proof in [14, p. 1985], we can
easily get that
‖gξ‖Hb C, for Q(ξ) 1.
Hence, combining the above estimates we obtain
‖gξ‖Hb 
〈
Q(ξ)
〉b−1/2
, ∀0 b 1. (14)
Substituting this last inequality in (13), we can get the desired estimate (12). 
Proposition 2. Let s ∈R.
(a) For any ν ∈ S(R2),∥∥∥∥∥χR+(t)ψ(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
∥∥∥∥∥
Xs,1/2

[
‖ν‖Xs,−1/2 +
(∫
〈ξ 〉2s
(∫ |νˆ(ξ, τ + P(ξ))|
〈iτ +Q(ξ)〉 dτ
)2
dξ
)1/2]
.
(15)
(b) For any 0 < δ < 1/2 and for all ν ∈ Xs,−1/2+δ , we have∥∥∥∥∥χR+(t)ψ(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
∥∥∥∥∥
Xs,1/2
 ‖ν‖Xs,−1/2+δ . (16)
Proof. From the definition of the semigroup W(t), it follows that
χR+(t)ψ(t)
t∫
0
W(t − t ′)ν(t ′) dt ′ = U(t)
[
χR+(t)ψ(t)
∫
R
eixξ
t∫
0
e−|t−t ′|Q(ξ)Fx
(
U(−t ′)ν(t ′))(ξ) dt ′ dξ
]
. (17)
Setting ω(t) = U(−t)ν(t), and using Fubini’s theorem, we get
χR+(t)ψ(t)
t∫
0
W(t − t ′)ν(t ′) dt ′ = U(t)
[
χR+(t)ψ(t)
∫
R2
eixξ e−Q(ξ)t ωˆ(ξ, τ )
t∫
0
eit
′τ et
′Q(ξ) dt ′ dξ dτ
]
= U(t)
[
χR+(t)ψ(t)
∫
2
eixξ
eitτ − e−Q(ξ)t
iτ +Q(ξ) ωˆ(ξ, τ ) dξ dτ
]
.R
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∫
R
eixξ e
itτ−e−Q(ξ)|t |
iτ+Q(ξ) ωˆ(ξ, τ ) dτ . As the argument in [14, p. 1989], it is not difficult to get the
following estimate:∥∥χR+(t)Kξ (t)∥∥Hb  ‖Kξ‖Hb, for all 0 b 1.
Running the argument in the proof of Proposition 1, we have
∥∥∥∥∥χR+(t)ψ(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
∥∥∥∥∥
Xs,1/2
=
∥∥∥∥∥〈iτ +Q(ξ)〉1/2〈ξ 〉sFx,t
(
U(−t)χR+(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
)∥∥∥∥∥
L2ξ,τ

∥∥∥∥∥〈ξ 〉s
∥∥∥∥∥Fx
(
U(−t)χR+(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
)∥∥∥∥∥
H
1/2
τ
∥∥∥∥∥
L2ξ
+
∥∥∥∥∥〈ξ 〉s 〈Q(ξ)〉1/2
∥∥∥∥∥Fx
(
U(−t)χR+(t)
t∫
0
W(t − t ′)ν(t ′) dt ′
)∥∥∥∥∥
L2τ
∥∥∥∥∥
L2ξ

∥∥〈ξ 〉s‖χR+Kξ‖H 1/2t ∥∥L2ξ + ∥∥〈ξ 〉s 〈Q(ξ)〉1/2‖χR+Kξ‖L2t ∥∥L2ξ

∥∥〈ξ 〉s∥∥〈iτ +Q(ξ)〉1/2Ft (Kξ )∥∥L2τ ∥∥L2ξ .
Now we need another estimate on Kξ which is the analog of Proposition 2.2 in [14, p. 1986] and can be proved with
little change,
∥∥〈iτ +Q(ξ)〉1/2Ft (kξ )∥∥2L2τ 
[(∫
R
|ωˆ(τ )|
〈iτ +Q(ξ)〉 dτ
)2
+
(∫
R
|ωˆ(τ )|2
〈iτ +Q(ξ)〉
)]
.
We can use this estimate directly to the above estimates. Then by Proposition 1, we can easily get (15). While (16)
follows from (15) and Cauchy–Schwartz inequality. 
At the end of this section, we state a proposition which is useful to get the global solution for our problem. We will
not state the proof here since it is the same with that for Proposition 2.4 in [14, p. 1990].
Proposition 3. Let s ∈R and δ > 0. For all f ∈ Xs,−1/2+δ ,
t →
t∫
0
W(t − t ′)f (t ′) dt ′ ∈ C(R+,H s+4δ). (18)
Moreover, if (fn) is a sequence with fn −−−−→n→∞ 0 in Xs,−1/2+δ , then∥∥∥∥∥
t∫
0
W(t − t ′)fn(t ′) dt ′
∥∥∥∥∥
L∞(R+,H s+4δ)
−−−−→n→∞ 0. (19)
3. A bilinear estimate
In this section we derive the bilinear estimate needed to obtain the local existence result.
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[−T ,T ],∥∥∂x(uv)∥∥Xs,−1/2+δ CT μ‖u‖Xs,1/2‖v‖Xs,1/2 . (20)
The following lemma is a direct consequence of Lemma 1 together with the triangle inequality
∀s  s+c , 〈ξ 〉s  〈ξ 〉s
+
c 〈ξ1〉s−s+c + 〈ξ 〉s+c 〈ξ − ξ1〉s−s+c . (21)
Lemma 2. Given s+c ∈ (−2,0], there exist C,μ, δ > 0 such that for any s  s+c and any couple (u, v) ∈ Xs,1/2 with
compact support in [−T ,T ],∥∥∂x(uv)∥∥Xs,−1/2+δ CT μ(‖u‖Xs,1/2‖v‖Xs+c ,1/2 + ‖u‖Xs+c ,1/2‖v‖Xs,1/2). (22)
To prove Lemma 1 we proceed by duality. The following facts contain elementary calculus inequalities, which will
provide the main tool in the proof. Let
ξ = ξ1 + ξ2, τ = τ1 + τ2, ξk, τk ∈R, k = 1,2,
and
σ = τ − iQ(ξ) − P(ξ),
σk = τk − iQ(ξk)− P(ξk), k = 1,2.
We have
Re(σ − σ1 − σ2) = −5ηξ1ξ2ξ
(
3/5η − (ξ2 − ξ1ξ2)), for η = 0,
and
Im(σ − σ1 − σ2) = 2βξ1ξ2
(
2ξ21 + 3ξ1ξ2 + 2ξ22 − 1
)
, for η = 0.
Then we have the following smoothing relation:
max
(|σ |, |σ1|, |σ2|) |ξ1||ξ2||ξ |∣∣3/5η − (ξ2 − ξ1ξ2)∣∣, for η = 0, (23)
and
max
(|σ |, |σ1|, |σ2|) |ξ1||ξ2|∣∣2ξ21 + 3ξ1ξ2 + 2ξ22 − 1∣∣, for η = 0. (24)
Another important thing should be remembered is that
〈σ 〉 〈ξ 〉4, 〈σk〉 〈ξk〉4, k = 1,2.
Lemma 3. For any fixed  > 0 small enough, (ξ1, τ1) ∈R2 with |ξ1| 1, there exists C > 0 such that
I = 〈ξ1〉
4−2
〈σ1〉
∫
A
〈ξ2〉4−2 |ξ |2〈ξ 〉−4+2
〈σ 〉1−δ〈σ2〉 dξ dτ  C,
where
A = A(ξ1, τ1) =
{
(ξ, τ ) ∈R2; |ξ | 2|ξ1|, |ξ2| 1, |σ1| |σ2|
}
and 0 < δ  .
Proof. If η = 0. We will estimate the integral in two cases: |ξ1|  |ξ2| and |ξ1| ∼ |ξ2|. In A, we do not have the case
|ξ2|  |ξ1|, since 2|ξ1| |ξ |.
 The first case: |ξ1|  |ξ2|. One have |ξ | ∼ |ξ1|  1. And in this case, we have | 35η − (ξ2 − ξ1ξ2)| ∼ 〈ξ 〉2.
Firstly, we assume |σ1| |σ |, then it follows from (23) that |σ1| 〈ξ 〉4|ξ2|. In this case
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∫
A
〈ξ2〉4−2〈ξ 〉2
〈σ 〉1−δ〈σ2〉1+δ〈σ1〉1−δ dξ dτ. (25)
By (23), we have
〈σ1〉1−δ  〈ξ 〉4(1−δ)〈ξ2〉1−δ. (26)
And also
〈σ 〉1−δ  〈ξ 〉4(1−δ).
Fixing in mind that δ  , we have
I 
∫
|ξ2||ξ1|
〈ξ2〉4−2〈ξ 〉2
〈ξ1〉8(1−δ)〈ξ2〉1−δ〈σ2〉1+δ dξ dτ
 C.
While if |σ | |σ1|, then |σ | 〈ξ 〉4|ξ2|. In this case
I 
∫
A
〈ξ2〉4−2〈ξ 〉2
〈σ 〉1−δ〈σ2〉1+δ〈σ1〉1−δ dξ dτ. (27)
By (23), we have
〈σ 〉1−δ  〈ξ 〉4(1−δ)〈ξ2〉1−δ. (28)
And also
〈σ1〉1−δ  〈ξ1〉4(1−δ) ∼ 〈ξ 〉4(1−δ).
We also have
I 
∫
|ξ2||ξ1|
〈ξ2〉4−2〈ξ 〉2
〈ξ1〉8(1−δ)〈ξ2〉1−δ〈σ2〉1+δ dξ dτ
 C.
 The second case: |ξ1| ∼ |ξ2|.
In this case, we need a more careful estimate on the term | 35η − (ξ2 − ξ1ξ2)|. One can easily find out that | 35η −
(ξ2 − ξ1ξ2)| ∼ 〈ξ1〉2, otherwise we have |ξ1| ∼ |ξ2| 1. We only consider the case |ξ1|  1.
If |σ1| |σ |, we have
|σ1| 〈ξ1〉4|ξ |.
We now have
I 
∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈σ1〉1−2δ〈σ 〉1+δ〈σ2〉 dξ dτ

∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈ξ2〉4(1−2δ)|ξ |1−2δ〈σ 〉1+δ〈ξ2〉4 dξ dτ
 C.
Similarly, if |σ | |σ1|, we have
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∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈σ1〉〈σ 〉1−2δ〈σ2〉1+δ dξ dτ

∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈ξ2〉4(1−2δ)|ξ |1−2δ〈σ1〉1+δ〈ξ2〉4 dξ dτ
 C.
If η = 0. We also estimate the integral in two cases: |ξ1|  |ξ2| and |ξ1| ∼ |ξ2|.
 The first case: |ξ1|  |ξ2|. We have |2ξ21 + 3ξ1ξ2 + ξ22 − 1| ∼ 〈ξ1〉2.
If |σ1| |σ |, then |σ1| 〈ξ 〉3〈ξ2〉. In this case, we have
I 
∫
|ξ2||ξ1|
〈ξ2〉4−2〈ξ 〉2
〈ξ1〉7(1−δ)〈ξ2〉1−δ〈σ2〉1+δ dξ dτ
 C.
While for |σ | |σ1|, we also have
I 
∫
|ξ2||ξ1|
〈ξ2〉4−2〈ξ 〉2
〈ξ1〉7(1−δ)〈ξ2〉1−δ〈σ2〉1+δ dξ dτ
 C.
 The second case: |ξ1| ∼ |ξ2|.
In this case, we still have |2ξ21 +3ξ1ξ2 +2ξ2 −1| ∼ 〈ξ1〉2, otherwise we have |ξ1| ∼ |ξ2| 1. We still only consider
the case |ξ1|  1.
If |σ1| |σ |, we now have
|σ1| 〈ξ1〉4.
We now have
I 
∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈σ1〉1−2δ〈σ 〉1+δ〈σ2〉 dξ dτ

∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈ξ2〉4(1−2δ)〈σ 〉1+δ〈ξ2〉4(1+σ) dξ dτ
 C.
Similarly, if |σ | |σ1|, we have
I 
∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈σ1〉〈σ 〉1−2δ〈σ2〉1+δ dξ dτ

∫
A
〈ξ2〉8−4 |ξ |2
〈ξ 〉4−2〈ξ2〉4(1−2δ)〈σ1〉1+δ〈ξ2〉4 dξ dτ
 C.
Thus we finish the proof of Lemma 3. 
Another useful lemma is as follows.
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I = |ξ |
2〈ξ 〉−4+2
〈σ 〉1−δ
∫
B
〈ξ2〉4−2〈ξ1〉−4+2
〈σ1〉〈σ2〉 dξ1 dτ1 C,
where
B = B(ξ, τ ) = {(ξ1, τ1) ∈R2; |ξ | 2|ξ1|, |ξ2| 1, |σ1| |σ2|}
and 0 < δ  .
Proof. If η = 0. We also estimate the integral in two cases: |ξ2|  |ξ1| and |ξ1| ∼ |ξ2|.
 The first case: |ξ2|  |ξ1|.
If |σ | |σ1|, then |σ | 〈ξ 〉4|ξ1|. In this case
I 
∫
B
〈ξ1〉4−2〈ξ 〉2
〈σ 〉1−δ〈σ2〉1+δ〈σ1〉1−δ dξ1 dτ1. (29)
By (23), we have
〈σ 〉1−δ  〈ξ 〉4(1−δ)〈ξ1〉1−δ. (30)
And also
〈σ1〉1−δ  〈ξ1〉4(1−δ).
Fixing in mind that δ  , we have
I 
∫
|ξ ||ξ1|
〈ξ1〉5δ−2−1〈ξ 〉2
〈ξ 〉4(1−δ)〈σ2〉1+δ dξ1 dτ1
 C.
If |σ1| |σ |, then |σ1| 〈ξ 〉4|ξ1|. In this case
I 
∫
B
〈ξ1〉4−2〈ξ 〉2
〈σ 〉1−δ〈σ2〉1+δ〈σ1〉1−δ dξ1 dτ1. (31)
And also
〈σ 〉1−δ  〈ξ 〉4(1−δ).
Then, we have
I 
∫
|ξ ||ξ1|
〈ξ1〉3+δ−2〈ξ 〉2
〈ξ 〉8(1−δ)〈σ2〉1+δ dξ1 dτ1
 C.
 The second case: |ξ1| ∼ |ξ2|. This case is easy since that |ξ | 2|ξ1|, thus |ξ1| ∼ |ξ2| ∼ |ξ |. Then
I 
∫
B
〈ξ1〉4−2 |ξ |2 dξ1 dτ1
〈σ 〉1−δ〈σ1〉1−δ〈σ2〉1+δ .
Neither |σ1| nor |σ | is the maximum, we have
I 
∫ 〈ξ1〉4−2 |ξ |2 dξ1 dτ1
〈ξ 〉5(1−δ)〈ξ 〉4(1−δ)〈σ2〉1+δ C. (32)
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 The first case: |ξ2|  |ξ1|.
If |σ | |σ1|, then |σ | 〈ξ 〉3|ξ1|. Then
I 
∫
|ξ ||ξ1|
〈ξ1〉5δ−2−1〈ξ 〉2
〈ξ 〉7(1−δ)〈σ2〉1+δ dξ1 dτ1
 C.
If |σ1| |σ |, then |σ | 〈ξ 〉3|ξ1|. In this case
I 
∫
|ξ ||ξ1|
〈ξ1〉3+δ−2〈ξ 〉2
〈ξ 〉7(1−δ)〈σ2〉1+δ dξ1 dτ1
 C.
 The estimate for the case |ξ1| ∼ |ξ2| is the same as in the respect part for η = 0. Thus we finish the proof of
Lemma 4. 
To finish the proof of Lemma 1, we need also the following two lemmas.
Lemma 5. For any fixed couple (ξ, τ ), Then for any  there exists C > 0, such that
I = |ξ |
2〈ξ 〉−4+2
〈σ 〉1−δ
∫
D
〈ξ1〉4−2〈ξ2〉4−2 dξ1 dτ1
〈σ1〉〈σ2〉 C. (33)
Here D = D(ξ, τ ) = {ξ1, τ1 ∈R2, |ξ1| 1}.
Proof. Since that |ξ1| 1, we have that 〈ξ 〉 ∼ 〈ξ2〉. Thus we have
I
∫
D
dξ1 dτ1
〈σ1〉〈σ2〉  C.
We finish the proof of Lemma 5. 
Lemma 6. (See [11].) Let f be with compact support (in time) in [−T ,T ]. For any θ > 0, there exists μ = μ(θ) > 0
such that∥∥∥∥F−1x,t
(
fˆ (ξ, τ )
〈τ − P(ξ)〉θ
)∥∥∥∥ T μ‖f ‖L2x,t . (34)
Proof of Lemma 1. By duality it is equivalent to show that for all h ∈ X−s,1/2−δ ,∣∣〈∂(uv),h〉∣∣ CT μ‖h‖X−s,1/2−δ‖u‖Xs,1/2‖v‖Xs,1/2 . (35)
Setting
fˆ1(ξ, τ ) =
〈
i
(
τ − P(ξ))+Q(ξ)〉1/2〈ξ 〉s uˆ(ξ, τ ),
fˆ2(ξ, τ ) =
〈
i
(
τ − P(ξ))+Q(ξ)〉1/2〈ξ 〉s vˆ(ξ, τ ),
fˆ (ξ, τ ) = 〈i(τ − P(ξ))+Q(ξ)〉1/2−δ〈ξ 〉−s hˆ(ξ, τ ),
we see that (35) is equivalent to
I  CT μ‖f ‖L2(R2)
∏
‖fi‖L2(R2), (36)
i=1,2
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I =
∫
R4
|ξ |〈ξ 〉s fˆ (ξ, τ )∏i=1,2〈ξi〉−s fˆi (ξi , τi)
〈iσ + ξ2〉1/2−δ∏j=1,2〈iσj + ξ2j 〉1/2 dξ dξ1 dτ dτ1. (37)
We divide R4 into three regions A,B and D defined as
A = {(ξ, ξ1, τ, τ1) ∈R4, |ξ | |ξ1|, |ξ1| 1, |ξ2| 1},
B = {(ξ, ξ1, τ, τ1) ∈R4, |ξ | |ξ1|, |ξ1| 1, |ξ2| 1},
D = {(ξ, ξ1, τ, τ1, ) ∈R4, |ξ1| 1, or |ξ2| 1}.
Since σ1 and σ2 are symmetry in A∪B , we may assume that |σ1| |σ2|.
Estimate in A. Using Cauchy–Schwartz inequality, Fubini’s theorem, Lemma 3 and then Lemma 6, we obtain for
some μ > 0,
IA  sup
ξ1,τ1
[ 〈ξ1〉−s
〈σ1〉1/2
( ∫
A(ξ1,τ1)
〈ξ2〉−2s |ξ |2〈ξ 〉2s dξ dτ
〈σ 〉1−5/2δ〈σ2〉
)1/2]∥∥∥∥F−1t,x
(
fˆ
〈σ 〉δ/2
)∥∥∥∥
L2ξ,τ
‖f1‖L2t,x‖f2‖L2t,x‖f3‖L2t,x
 T μ‖f ‖L2t,x‖f1‖L2t,x‖f2‖L2t,x‖f3‖L2t,x .
Similarly, we have the same estimates on B by use of Lemma 4 instead of Lemma 3.
Estimate in D. In this region, by symmetry, we may assume that |ξ1| |ξ2|, thus |ξ1| 1. Then
ID  sup
ξ1,τ1
[ 〈ξ 〉−s |ξ |
〈σ1〉1/2−5/4δ
( ∫
D(ξ1,τ1)
〈ξ1〉−2s〈ξ2〉2s dξ1 dτ1
〈σ1〉〈σ2〉
)1/2]∥∥∥∥F−1t,x
(
fˆ
〈σ 〉δ/2
)∥∥∥∥
L2ξ,τ
‖f1‖L2t,x‖f2‖L2t,x‖f3‖L2t,x
 T μ‖f ‖L2t,x‖f1‖L2t,x‖f2‖L2t,x‖f3‖L2t,x .
We finish the proof of Lemma 1. 
4. Proof of Theorem 1
Let ϕ in Hs(R), s > −2. We only give the proof of the existence of a solution u of the integral formulation (9) of
Eq. (1) on some interval [0, T ] for T  1 small enough. While for the uniqueness and regularity and global existence
follows the same argument as in [14, p. 1999]. Clearly, if u is a solution of the integral equation u = F(u) with
F(u) = ψ(t)
[
W(t)ϕ − χR+(t)
2
t∫
0
W(t − t ′)∂x
(
ψ2T (t
′)u2(t ′)
)
dt ′
]
, (38)
then u is a solution of (9) on [0, T ]. We need to run a fixed point argument in the space
Z = {u ∈ Xs,1/2, ‖u‖Z = ‖u‖
Xs
+
c ,1/2
+ ν‖u‖Xs,1/2 < +∞
}
, (39)
where s+c ∈ (−2,min(0, s)), and
ν = ‖ϕ‖Hs
+
c
‖ϕ‖Hs .
From Lemmas 1 and 2, it follows that there exist δ,μ > 0 such that∥∥F(u)∥∥
Xs
+
c ,1/2
C‖ϕ‖
Hs
+
c
+CT μ‖u‖2
Xs
+
c ,1/2
, (40)∥∥F(u)∥∥
Xs,1/2  C‖ϕ‖Hs +CT μ‖u‖Xs+c ,1/2‖u‖Xs,1/2 . (41)
Since ∂x(u2)− ∂x(v2) = ∂x[(u− v)(u+ v)], we have that
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Xs
+
c ,1/2
CT μ‖u− v‖
Xs
+
c ,1/2
‖u+ v‖
Xs
+
c ,1/2
(42)
and ∥∥F(u)− F(v)∥∥
Xs,1/2  CT
μ
(‖u− v‖
Xs
+
c ,1/2
‖u+ v‖Xs,1/2 + ‖u− v‖Xs,1/2‖u+ v‖Xs+c ,1/2
)
. (43)
By (42) and (43), we get that∥∥F(u)− F(v)∥∥
Z
 CT μ‖u− v‖Z‖u+ v‖Z. (44)
Setting T = (4C2(‖φ‖
Hs
+
c
+ν‖φ‖Hs ))−1/μ, thus F is strictly contractive in Z. This proves the existence of a solution
u ∈ Xs,1/2 to Eq. (1) on the time interval [0, T ] with T = T (‖ϕ‖
Hs
+
c
) > 0.
5. Ill-posedness result
In this section we prove the ill-posedness result contained in Theorem 2 as well as the following
Theorem 3. Let s < −2 and T be a positive real number. Then there does not exist a space YT continuously in
C([0, T ];Hs(R)) such that∥∥W(t)φ∥∥
YT
 C‖φ‖Hs , ∀φ ∈ Hs(R), (45)
and ∥∥∥∥∥
t∫
0
W(t − t ′)∂x
(
u(t ′)2
)
dt ′
∥∥∥∥∥
YT
C‖u‖2YT , ∀u ∈ YT . (46)
To prove Theorem 3, we give a lower bound estimate for an oscillatory integral. Its proof only needs elementary
calculus, but it provides a main tool in the proof of Theorem 3.
Lemma 7. For any real numbers α, θ and t > 0,
∣∣∣∣∣
t∫
0
eαt
′
eiθt
′
dt ′
∣∣∣∣∣
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
|−eαt− α√
α2+θ2
|√
α2+θ2 , if α < 0,
|eαt− α√
α2+θ2
|√
α2+θ2 , if α > 0.
(47)
Proof of Theorem 3. Suppose that there exists a space YT such that (45) and (46) hold. Take u = W(t)φ in (46),
use (45) and that YT is continuously embedded in C([0, T ];Hs(R)) to obtain for any t ∈ [0, T ],∥∥∥∥∥
t∫
0
W(t − t ′)∂x
[(
W(t ′)φ
)2]
dt ′
∥∥∥∥∥
Hs
 C‖φ‖2Hs , ∀u ∈ YT . (48)
We show that (48) fails by choosing an appropriate sequence {φN }. As in [14], let φN be the real-valued function
defined through its Fourier transform by
φˆN (ξ) = N−sγ−1/2
(
χIN (ξ)+ χIN (−ξ)
)
, (49)
where IN = [N,N + 2γ ] and γ  N whose value will be chosen later.
Note that for all s ∈R and all positive integers N , ‖φN‖Hs ∼ 1. Setting
u2,N (t, x) =
t∫
0
W(t − t ′)∂x
[(
W(t ′)φN
)2]
dt ′.
By the Fourier transform with respect to x, we have
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(
u2,N (t, ·)
)
(ξ) =
t∫
0
e−(t−t ′)Q(ξ)ei(t−t ′)P (ξ)(iξ)Fx
[(
W(t ′)φN
)2]
(ξ) dt ′
=
∫
R
(iξ)e−tQ(ξ)eitP (ξ)φˆN (ξ1)φˆN (ξ − ξ1)
×
t∫
0
e−(Q(ξ1)+Q(ξ−ξ1)−Q(ξ))t ′ei(P (ξ1)+P(ξ−ξ1)−P(ξ))t ′ dt ′ dξ1.
Now we estimate the inner integral with respect to t ′ by Lemma 7. If ξ ∈ [γ /4, γ /2], ξ1 ∈ Kξ = {ξ1 ∈ −IN ,
ξ − ξ1 ∈ IN } ∪ {ξ1 ∈ IN , ξ − ξ1 ∈ −IN } and recall that γ  N , we have
α = −[Q(ξ1)+Q(ξ − ξ1)−Q(ξ)]= −β[(ξ41 + (ξ − ξ1)4 − ξ4)− (ξ21 + (ξ − ξ1)2 − ξ2)]< 0
and
θ = P(ξ1)+ P(ξ − ξ1)− P(ξ) = ξ1(ξ − ξ1)ξ
[
5η
(
ξ2 − ξ1(ξ − ξ1)
)− 3].
Using Lemma 7 and notice that α2 ∼ N8 and θ2 ∼ N8γ 2 if η = 0, otherwise θ2 ∼ N4γ 2,∣∣∣∣∣
t∫
0
e−[Q(ξ1)+Q(ξ−ξ1)−Q(ξ)]t ′eit ′[P(ξ1)+P(ξ−ξ1)−P(ξ)] dt ′
∣∣∣∣∣ C
| − eαt − α√
α2+θ2 |√
α2 + θ2  C
eαt√
N8 +N8γ 2
if N is chosen large enough and t is sufficiently small. Note that for any ξ ∈ Kξ , one has the Lebesgue measure of Kξ
bigger than γ . We thus deduce that
∥∥u2,N (t)∥∥2Hs 
γ /2∫
γ /4
(
1 + |ξ |2)s∣∣Fx(u2,N (t, ·))(ξ)∣∣2 dξ
= N−4sγ−2
γ /2∫
γ /4
(
1 + |ξ |2)s |ξ |2e−2tQ(ξ)
×
∣∣∣∣∣
∫
Kξ
t∫
0
e−(Q(ξ1)+Q(ξ−ξ1)−Q(ξ))t ′ei(P (ξ1)+P(ξ−ξ1)−P(ξ))t ′ dt ′ dξ1
∣∣∣∣∣
2
dξ
 Cγ 3
(
1 + γ 2)sN−4s e−2β(N+2γ )4t
N8(1 + γ 2) .
Taking γ = O(1) it infers for N  γ and any T > 0 that
sup
[0,T ]
‖u2,N (t)‖2Hs CN−4s−8.
This contradicts (48) for N large enough since −4s − 8 > 0 when s < −2. 
Proof of Theorem 2. Let us now show that Theorem 3 implies Theorem 2. Let u be a solution of (1). Then we have
u(t, x,φ) = W(t)φ − 1
2
t∫
0
W(t − t ′)∂x
(
u(t ′, ·, φ)2)dt ′.
Assume that the flow-map is C2. Since u(t, x,0) ≡ 0, we have
W. Chen, J. Li / J. Math. Anal. Appl. 339 (2008) 1134–1147 1147u2(t, x) := ∂
2u
∂φ2
(t, x,0)[h,h] = 2!
t∫
0
W(t − t ′)∂x
[(
W(t ′)h
)2]
dt ′.
But since the flow-map is C2 one must have
sup
[0,T ]
∥∥u2(t)∥∥Hs  C‖h‖2Hs ,
but this is exactly the estimate which has been proved to fail in the proof of Theorem 3. 
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